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Abstract. Palindromes are those reduced words of free products of groups 
that coincide with their reverse words. We prove that a free product of groups 
G has infinite palindromic width, provided that G is not the free product of 
two cyclic groups of order two C Theorem 12.41 . This means that there is no 
a uniform bound k such that every element of G is a product of at most k 
palindromes. Earlier the similar fact established for non-abelian free groups. 
The proof of Theorem 12.41 makes use of the ideas by RhemtuUa developed for 
the study of the widths of verbal subgroups of free products. 

Introduction 

Let G be a group and S a generating set of G with S^^ =5. For each x e G 
define the length ls{x) of x relative to S to be the least k such that x is a product 
of k elements of S. The supremum of the values 1$ [x) is called the width of G with 
respect to S and is denoted by wid(G, S). In particular, wid(G, S) is either a natural 
number, or oo. In the case when wid(G, S) is a natural number, every element of G 
is a product of at most wid(G, S) elements of S. 

Generally speaking, the study of the widths of a given group provides very useful 
information for understanding of the structure of the group, for various combina- 
torial, algorithmic and model-theoretic problems concerning the group etc. The 
concept of the width provides also a sort of 'measure' for generating sets: the 
greater the width a particular generating set S gives, the less 'massive' appeared to 
be S inside the group it generates. With this point of view such phenomena as, for 
instance, the finiteness-under certain natural conditions-of widths of all verbal sub- 
groups of Hnear algebraic groups , the infiniteness of widths of verbal subgroups 
in various free constructions IH El 13 , and the finiteness of the width of the sym- 
metric group of an infinite set relative to any generating set p] are of considerable 
importance. 

The paper [2] examines the primitive and the paHndromic widths of a non-abehan 
free group. Traditionally, attributes like 'primitive' and 'palindromic' refer to the 
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elements of the corresponding generating sets. Thus, for instance, the primitive 
width of a free group is its width relatively to the set of all primitive elements. 
Palindromic words or palindromes can be defined for all free products of groups (in 
particular, for free groups) as follows. Let 

lei 

be a free product of groups. The palindromes associated with the free factorization 
(*) are those reduced words of G that are read the same forward and backward. It 
is clear that G is generated by palindromes. Then the palindromic width of G is the 
width relative to the palindromes. 

It is established in that the palindromic width of any non-abehan free group 
is infinite. Moreover, the paper [2] contains a sketch of the proof of the infiniteness 
of the palindromic width of any free product of groups at least two of which are 
infinite. 

In the present paper we deal with arbitrary free products of groups. It turns out, 
that almost all free products have infinite palindromic width; the only exception is 
given by the free product of two cyclic groups of order two, when the palindromic 
width is two. 

We would like to point out a certain similarity between the study of the palin- 
dromic widths of free products we are undertaking and the study of the widths 
of verbal subgroups of free constructions. Indeed, like generators of a given ver- 
bal subgroup, all palindromic words are structurally alike. As the reader shall see 
this makes possible the application of the methods developed by Rhemtulla in [Jj 
specially for the study of the widths of verbal subgroups of free products. 

Let G be a free product of groups. In Section 1 we consider the case, when 
one of the free factors of G contains elements of order at least three. We then 
use some of the functions introduced by Rhemulla in to construct a so-called 
quasi-homomorphism, say, Ai whose values at palindromes are bounded by 2. A 
function A : 77 — > Z, where H is a group, is said to be a quasi-homomorphism, if 
for all x,y & H 

A{xy) ^ A(x) -I- A{y) + const. 

At the next step we show that Ai is not bounded from above. It then follows that 
G has infinite paHndromic width, since for each fc e N the values of Ai at words 
which are products of at most k palindromes are uniformly bounded from above. 
The definition of Ai(g) is rather technical and we just note that the value Ai{g), 
where g G G is a reduced word, somehow refiects the information on occurrences 
the subwords of the form a. . .a and a^^ . . . in the word g, where a is a fixed 
element of order at least three from one of the free factors of G. 
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In Section 2 we study the case, when there are no elements of order greater 
than two in the free factors of G, but there is a free factor that has at least two 
non-identity elements, say, a and c. Then, like in Section 1, we construct a quasi- 
homomorphism A2 that vanishes at palindromes and unbounded from above. This 
time, the value ^2{g) at a given element g € G, reflects the information on the 
occurences of the subwords of the form a ... c ... a in g. 

The authors would like to thank Vladimir Shpilrain, Oleg Belegradek and Oleg 
Bogopolsky for helpful discussion. 

1. Case I: elements of order > 3 in one of free factors 

Let 

(1.1) G=l[*Gi 

iei 

be a free product of groups. Any non-identity element g of G can be written as a 
reduced word 

g = Vi...Vn, 

where Vk are elements of free factors Gi and for every k = 1, . . . , n — 1 the elements 
Vk and Vk+i lie in different free factors. The elements Vk are said to be the syllables 
of g. Conversely, if Vi, . . . ,Vn are non-trivial elements from the free factors Gi and 
for any k the elements Vk,Vk+i are members of different factors, then the product 
Vi . . .Vn is a non-identity element of G. The number of syllables of a reduced word 
g G G is called the length of g. 

One may rewrite the syllables of g in the reverse order, obtaining thereby the 
non-trivial element 

g = Vn...Vi 

of G. We call an element g a palindrome associated with the free factorization (1.1) 
if 

g = g- 

It is helpful to observe that each palindrome can be written in the form 

(1.2) g = hvh 

where h is a reduced word and v a syllable oi g; so that h represents the reflection 
of h relative to the central syllable v. 

Clearly, the elements of the free factors Gi participating in a decomposition 

G=ll*Gi 

are pahndromes. Thus G is generated by palindromes, and one can define the 
palindromic width of G as the width of G relative to the set of all palindromes. 
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As we noted in the Introduction, the paHndromic width of a free product is almost 
always infinite. We begin therefore with the description of the only exceptional case. 

Claim 1.1. Let G — A * B be a free product of cyclic groups of order two. Then 
the palindromic width of G is two. 

Proof. Let A = (a) and i? = (6). If a reduced word g E G begins with a, then 

g = [ab)^ or g = {ab)^a 

for a suitable £ N. It is easy to see that any word of the form {ab)'^a is a 
palindrome. Any word of the form (ab)*'' = {abY~^a • 6 is a product of two palin- 
dromes. □ 

The bulk of this section is devoted to the proof of the infiniteness of the palin- 
dromic width of a free product of non-trivial groups G = A* B such that one the 
groups, say, A has elements of order at least three. In the next section we consider 
the case when both factors A, B of the free product A*B have no elements of order 

3, but one of the factors has at least three elements. We shall see later that the 
general case can be easily reduced to the case of a free product of two groups. 

In both of the described cases we shall be actually able to prove that the width of 
G — A* B relative to some superset of the palindromes, consisting of palindromic- 
like words, is infinite. Clearly, this will imply the infiniteness of the paHndromic 
width of G. With this idea in mind, we introduce the following defintion. 

Assume that C is a subset of ^ U i?. Consider the alphabet X — G^J {uj}, where 
the symbol uj belongs neither to A, nor to B. For every reduced word 

g = Vl.. .Vn 

of G we define the word a{g) over the alphabet X by replacing the syllables of g that 
are not in C by ijJ. We then call the word g a C -palindrome if a{g) is a palindrome 
over the alphabet X (that is, a{g) 'reads the same backward and forward' as a word 
over the alphabet X ) It is worth mentioning that any palindrome is a C -palindrome 
for every G <Z A\J B. 

Applying the idea of representation H1.2II of palindromes, we see that a typical 
reduced C-palindrome looks like 

(1.3) hvh, 

where w is a non-trivial element from A[JB, ft, is a reduced word of G and h denotes 
an arbitrary word which is, say, the result of a 'poor' refiection of the word h, that 
is, if 
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then 

h = v[...v'^ 

and Vi e C implies that v'n-i+i — Vi- Let us stress that ~ denotes a one-placed 
predicate, not an operation, like the symbol ~. 

Proposition 1.2. Let G = A* B be a free product non-trivial groups such that A 
contains elements of order ^ 3. Then the palindromic width of G is infinite. 

Proof. Let us fix a non-identity element a e ^4 of order greater than two. We 
have that a^^ ^ a. We are going to find a quasi-homomorphism Ai : G ^ Z 
that takes reasonably small values at {a, a~^}-palindromes (and consequently at 
palindromes.) 
Let 

g^Vi...Vn 

be a reduced word of G. Suppose that there are at least two occurrences of the 
aforesaid fixed element a m g . \{ Vi = a and Vj = a are consecutive occurrences of 
am g, then we call the subword 

Vi+i . . . Vj-i 

by an a-segment of g [3. The length of this segment, the number j — i — 1, is odd 
as the reader may easily see. The a~^-segments of the reduced words are defined 
in a similar fashion. 
For example, a word 

where bi are non-identity elements of B and ai E A \ {a, a^^} contains two a- 
segments, namely, 

&i and 62aifc3Ci^^^4 

of length 1 and 5 respectively and one a~^-segment of length 3, namely, b^ab^. 

For each fc e N we define the following two functions on the set of all reduced 
words of G: 

dk{g) = the number of a-segments of g of length 2fc + 1 

and 

d*i.[g) = the number of a~^-segments of g of length 2k -f 1. 
For every /c G N set also 

tk{g) = dk{g) - dl{g). 

The functions d^ , d^ and tk were introduced in the paper ^ by Rhemtulla. 
Clearly, for every reduced word g ^ G 

dk{g) = dl{g-^) 
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and consequently 

tk{g) + tkig-') = 0. 
Lemma 1.3 ([3 Lemma 2.11]). The formula 

tkigh) = tkig) + tkih) yg.heG 
holds for all but at most 9 natural numbers k. 

Now we are ready to construct a desired quasi-homomorphism. Let g be a reduced 
word from G and let 

oo 

Ai(,9) =5I'^fc' 

where ^ is the remainder of division of the number t}~{g) on 2 (note that only 
finitely many terms of the above series might be non-zero.) 
It follows immediately from Lemma Fl.^^l that 

(1.4) Ai(5/i) ^ Ai(/i) + Ai(ft) + 9 yg,heG. 

So that Ai is a quasi-homomorphism. 

Lemma 1.4. If g G G is an {a, a^^}-palindrome, then Ai(g) ^ 2. 
Proof. According to ljl.3ll a reduced word g which is an {a, a^^}-palindrome is 

hvh 

for some h € G and a non-trivial v in AU B. Clearly, for all A; G N 

dkih) = dk{h). 
We claim therefore that for all but at most two fc g N 

dk{g) = 2dk{h). 

Indeed, the 'new' a-segments that are not in h or in h can occur, if 

g = uiau2VU2(iUi, 

where v ^ a and a before v indicates the last from the left occurrence of a in h, 
or, if 

g — Uiau2au2aui. 
Assuming that |7i2WU2| = 2m + 1, we have in the first case that 

d™(g) = 2d^{h) + 1. 

In the second case, letting k denote the natural number with |m2| = 2fc -I- 1, we get 

4(ff) = 24(M + 2 
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In particular, we see that for at most one natural I the value di{g) is odd. The 
similar argument applied to the a~^-segments of g proves that for at most one 
r G N the value of d*{g) is odd. Thus at most two of the values tk{g) might be odd, 
which completes the proof of the Lemma. □ 

Lemma 1.4 and lll.4|l imply immediately that for every g which is a product of 
at most k {a, a"^}-palindromes (palindromes) 

Ai{g) ^ life -9. 

Now we prove that Ai is not bounded from above. It suffices to find a sequence 
(5,1) of elements of G such that the sequence (Ai(g„)) is infinitely increasing. For 
all natural n ^ 1 set 

gn = vwvw^ . . . vw"v, 

where 

V = ba and w = ba^^ 

and 5 is a non-trivial element from B. 
For every n > 2 we have 

gn = gn-i{ba~^)"ba ^ g'„_^a{ba~^)"ba. 

Thus gn gains only one 'new' a-segment of length 2n + 1 to be added to the a- 
segments of gn-i- This leads to 

(1.5) do(.9n) = 0, 

dlign) = . . . = dn(gn) = 1, 

dk{gn) = yk > n 

for all n ^ 1. 

For every n > 1, further, the word g„ has a~^-segments only of length 1 and 3. 
Hence 

(1.6) dlign) = \fk^2 

for all n ^ 1. Combining lll.5|l and (1.6), we arrive at the inequality 

^lidn) ^ro + ri+n-l^n-1 

valid for all n ^ 1 (recall that rk is the remainder of the division of tk{g) on 2.) So 
that the sequence (Ai(5„)) is infinitely increasing, as desired. The Proposition is 
proven. □ 
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2. Case II: two non-identity elements in one of free factors 
We consider now the remaining case of free products of two groups. 

Proposition 2.1. Let G ^ A * B he a free product of groups, where \A\ > 3 and 
\B\ ^ 2 and both A, B contain no elements of order ^ 3. Then the palindromic 
width of G is infinite. 

Proof. It follows from the conditions that all non-identity elements of A and B are 
of order two. This implies that A and B are abelian, and hence \A\ ^ 4. Thus we 
may pick up two distinct non-identity elements a and c from A. 

We shall consider {a, c}-palindromes of G and shall prove that the width of G 
relative to those is infinite. This will imply the infiniteness of the palindromic width 
of G. We shall once again exploit the ideas of Rhemtulla's paper 0. 

Since a~^-segments are no longer useful, we work instead with a-segments that 
contain a unique occurence of c; such an a-segment looks like 

(2.1) *^^^^^^c*^^^^^^ 

ni n 

where there are no occurrences of neither a, nor c among syllables *. We call a 
segment (2.1) an a-segment of type (rn,n) if m is the number of syllables before, 
and n is the number of syllables after c. 

The following functions on the set of reduced words of G were introduced by 
Rhemtulla in [Jj: 

dm,n(g) = the number of a-segments of type {m,n) in g, 

tm,n{g) = dm,n{g) ~ dn^mig), 

where m, n are arbitrary naturals. 

Lemma 2.2 (0 p. 581]). (i) For all pairs of natural numbers {m,n) we have that 
the formulae 

dm,n{g) = dn,m{g~^): 
tm,n{g) + t,n,n{g^^) = 0, 

hold for each reduced word g in G; 

(ii) for all but at most 8 pairs (m, n) of naturals we have that the formula 

holds for each pair g, h of reduced words of G. 
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This, as above, advices the following choice of a quasi-homomorphism to establish 
the infiniteness of the palindromic width: 

The mapping A2 is a quasi-homomorphism, since by Lemma 2.2 

A2{gh) < A2(<?) + A2(/i) + 8 

for all g,h & G. 

Lemma 2.3. Assume g is an {a, c} -palindrome. Then A2((?) = 0. 

Proof. By the general description ^1.^ g is of the form 

hvh, 

where w is a non-identity element of ^ U B. Calculating the value of A2 at g we are 
interesting only in those a-segments of type (m, n) for which m ^ n. Now 

1) if an a-segment of type (m, n), say, 

auiCU2a 

occurs in h, then its 'reflection' in h is 

au2CUia 

and hence it is of type (n, m) and vice versa; 

2) the case, when the central element equals a may bring a 'new' a-segment of 
type {m,n), but also necessarily a 'new' segment of type (n,m)\ 

3) flnally, if the central element is c, the only 'new' a-segment of type (m, n) 
that may occur in such a conflguration is of type (fc, k) for some fc g N. 

Summing up, we see that for all pairs (m, n) of naturals with m < n 

dm,n{g) = dri,m(.g). 

Hence tm,n(ff) = for all such pairs, and A2(.g) = 0. □ 

Lemma 2.3 implies that for any word g which is a product of at most k {a, c}- 
palindromes (palindromes) we have that 

A2(<?) ^8fc-8. 

Now we are going to flnd a sequence ((?„) of elements of G with 

lim A2(5„) = c». 

n — s-oo 

A non-trivial element / which is not equal to a, c can be found in A. Take also 
some non-trivial b € B. For all n ^ 1 let 

gn = vwvw^v . . . vw"v, 



10 



VALERY BARDAKOV AND VLADIMIR TOLSTYKH 



where v = babe and w = bf. The element gi which is equal to 

vwv = babcbfbabc 

contains the unique a-segment of type {m,n), where m < n, namely, the segment 
of type (1,3). Thus 

A2(<?l) = 1. 

Let n > 1. We have 

5n = .9„-iw"u = g'„_iVWnV = g'^_^babc{bf)"^babc. 

Then gn acquires the (only) 'new' a-segment of type (1, 2n + 1) to be added to the 
a-segments of gn~i of types (1, 2k + 1), where k — 1, . . . ,n — 1. This proves that 

^2{gn) = n 

for all n ^ 1. The proof of the Proposition is now completed. □ 
Theorem 2.4. Let 

(2.2) G=[|*G, 

be a free product of non-trivial groups. The palindromic width of G with respect to 
the palindromes associated with the free factorization (2.2) is infinite if and only if 
at least one of the free factors has more than two elements or there are at least three 
free factors. The palindromic width of the free product of two cyclic groups of order 
two is two. 

Proof. The case of a free product of two groups is subject of Claim ITTTl Proposition 
11.21 and Proposition 12.11 Suppose now that G is a free product of at least three 
groups. Let io be an index from /. Set 

A = W * andB = G,o. 

We have that 

(2.3) G^A*B 

and then G is a free product of two groups, one of which, namely. A, is infinite. Then 
the width of G relative to the palindromes associated with the free decomposition 
(2.3) is infinite. On the other hand, the set of all palindromes associated with Ij2.2|l 
is contained in the set of all paHndromes associated with (2.3). The width of G 
with respect to the former set must be therefore infinite. □ 
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